Kinematics

Spatial Descriptions

Manipulator
Prismatic Joint

Revolute
Joint

End-Effector

Links: n moving link
INKS: 1 fixed link

Revolute (1 DOF)

Joints:
Prismatic (1 DOF)

Configuration Parameters

A set of position parameters that describes
the full configuration of the system.

9 parameters/link

Generalized coordinates
A set of independent configuration parameters

Degrees of Freedom
Number of generalized coordinates

Generalized Coordinates

ORI

@
2

Generalized Coordinates

O

3 positions
\~ 6 parameters \ 3 orientations

N

n moving links: 6n parameters




Generalized Coordinates

3 positions
\— 6 parameters 3 orientations
5 constraints

n moving links: 6n parameters
n 1 d.o.f. joints: 5n constraints
|d.o.f. (system): 6n-5n=n

End-Efector Configuration
Parameters

{0}

(X0 X5, X500 %)

{0}

Operational Coordinates

n+l -

{0}

Aset X, Xppeees X

o Xin,
of Myindependent configuration parameters
m,:

0

Joint Coordinates —— Joint Space

Operational Coordinates == Operational Space

Redundancy

Position of a Point

With respect to a fixed
origin O, the position

of a point P is described
by the vector OP or

p simply by p.




Rigid Body Configuration

Rigid Body Configuration

Position: AP

) ) AN A
Orientation: {#Xg,AYg,"Zg}
Describe rotations of {B} with respect to {A}]

Coordinate Frames

Rotation Matrix

&&1

er I’22 r23

iR-
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‘ Rotation Matrix

Rotation Matrix
R="% N 7]
Dot Product

s

Rotation Matrix [sgr
A
AR:[A)A(B N, Ais]: AR A BZA]T:;‘RT

B

A —1 ApT
R R Orthonormal Matrix




Example 12

Description of a Frame

Frame {B}:A X B ,AYAB ,AZB iAPBorg

{B}={4R "Puys)

A
ol (A}
®
2, / 0 9
10 0)«™]
AR={0 0 —1|<"®Y)
01 0)<°Z
Tt
% N %
Mapping
changing descriptions from frame to frame
Rotations
(B} A} If Pis given in {B}: BP
X,P) X]
AP=[BY, B |=[BYT |
&7 % | (e2]
A Ap B
P=/R ®P

Translations

OgP ——> O,P (Two different vectors)

Peors: R, =—> Po, B

Ap = A A
Po.= "R, * " Paore

AP = gR®P + "Pgorg

Homogeneous Transform B
Ap

AP = gR®P + APgorg

Ap | QR | APB(Ig p
1000 1 |1
AP — AT BP

(4x1) B (4x4) (4x1)




Example ) B} v,

{A} 1%n

Homogeneous

A

1

0

Transform o
0

AP=AT.BPp = ‘b-

B NN O

Operators

Mapping: changing descriptions from frame to frame
Operators: moving points (within the same frame)

A}

Mapping © AP = QR BP
R: P,—P,
Rotational Operator
P,=R P,

Rotational Operators
Re(0): P, —P,

P, = Rk(0) P,
Example
1 0 0
Ry (0)=|0 cos@ -sin@
0 sin@ cosé
1 0 0 ||0f |O
P,=R,(@®)R=|0 08 06| 2|=1
0 06 081 |2

Translations

Mapping: Pgorg: Pog——Poa  (same point)
2 diff. vectors
Poa = Pog + Pgore

Translations

Mapping: Pgorg: Pog——Poa  (same point)
2 diff. vectors
Poa = Pos + Pgore
Translational Operator:

Translations

Mapping: Pgors: Pog——Poa  (same point)
2 diff. vectors
Poa = Pos + Peore
Translational Operator:
Q: P,— P, (2 points, 2 diff vectors)

P, =P +Q




Translations

Translational Operator:
Q: P,— P, (2 points, 2 diff vectors)
P, =P +Q

Translation Operator

Operator: #pP, = #P, +AQ

Homogeneous Transform:

—> P, = AD"Py

o O o

o o r o

General Operators

Inverse Transform

RI=R"T (T1£T7"

QT 1:‘2T:|: B B

0 00 1

Homogeneous Transform Interpretations

B
Description of a frame (A} }

QT: {B}:{QR APBorg} Pgor

Transform mapping
AT: Bp = 4p

Transform operator
T: P, = P,

Transform Equation




Transform Equation

A {B}
Bl

Compound Transformations

AP = gT°P
AP = ATETCPp = €T = gT¢T

6T = gTET

A
+ PBorg

"RER - IRP

Corg

00O 1

Transform Equation

AT {B} B

B T

w < )\ ¥
\

ET\\ _/

ST

BTRTETAT= |

—> KT =E&TETRT

T RT AT AT T =1
UT=YTET.OTOT

Spatial Descriptions

<




End-Effector Configuration

8T : position + orientation

End-Effector Configuration Parameters

X b position
X =
Xy orientation

Position Representations

z

\

x Cartesian:  (x, Y, z)
Cylindrical: (p, 0, 2)
Spherical:  (r, 8, ¢)

Rotation Representations

Rotation Matrix
LETRN CPI FF
R= PR PYR P =[I’1 r, r3]

r3 1 r32

Direction Cosines ikl
X, =|r,
rs (9x1)
Constraints
| =|r|=|r|=1

r.r,=r.r,=r,r,=0

Three Angle Representations

Three Angle Representations

(B} {A}

: Euler Angles
Fixed Angl

IX((%12 se;f (12 sets)

X \

{A} A {A}
{B"}
Yg

Euler Angles (Z-Y-X)

Z

B} z,|A

o
AR Yg
B’ yA

N
X
A X

sR=/R.SRER

SR =R, (a)-R,(8)-R ()]




X-Y-Z Fixed Angles

Ry(1): V= Ry (y).v
R (B): (Rx(7)-v) = Ry (B)-(Ry (7))
R, (@): (Ry(B)-Ry(7).v) = R, (a).(R, (B).-Ry (7))

|8R=4R, (7.8.2) = R, (@).R, (8).R ()]

Z-Y-Z Euler Angles

QR =R, (@)-Ry.(B).R, (7)

X X ca.sp
X X sa.sf

—sp.cy sp.sy cf

QRZQRZ’V’Z' (a,B,7)=

Fixed & Euler Angles

X-Y-Z Fixed Angles

Ryvz (7, 8,a@) = Ry (a).Ry (B)-Ryx (7)

Z-Y-X_Euler Angles

Rovx (a0, 8,7) = R (a).R, (B)-Ry (¥)

Ry (@, B,7)=Ry, (v, B,)

Z-Y-X Euler Angles

;\R =R, (a).Ry. (B)-Ry.(¥)

ca —-sa 0|/ cg 0 spf|l1 O 0
sae ca 0} 0 1 00 cy -sy
0 0 1||-sp 0 cp||0 sy 7

cr

ca.cp X X
:R:F/;RZ'V'X'(O‘vﬁv}’): sa.cf X X

-sf cp.sy cp.cy

Example
z
Ye1{A}
{B}
Zg Ya
XX,
Rovx (@, B,7): a=0
p=0
y =90°

Given /R find («,f,7)

JR=

| PYRE PRI P sa.Cf sa.sp.sy+cCa.Cy Sa.sf.Cy—ca.sy
Y ch.sy

r31 r32 r33

fﬁ> R,y
ST P "13] {ca.cﬁ ca.sp.sy —sa.Cy ca.sp.Cy+sa.sy

cp.cy

_ _ 2 2
COS'.67C157 CRAC = f= Atan2(-Ty 1 + 1)
sinf=sf=-r,

ifcB=0 (p=+90° ) Singularity of the representation

—> Only (o +7v)or (o —7y) is defined




cf=0s8=+1
0 —s(a-y) cla-y)
sR=| 0 cla-y) s(a-y)
-1 0 0

cf=0,s=-1
0 -s(a+y) —cla+y)
QRz 0 cla+y) -s(a+y)
1 0 0

Equivalent angle-axis representation,Ry (¢)
{A}
0.k,

{B} K X, =0.K=|0Kk,
0.k,

Kk VO+cO Kk vO-K.50 KKvO+K 50
R (0) =k k,vo+k.s0 k. kvo+co K kvo-K,s0
| Kk vo—ks0 Kk kvo+k.sO kkvoreo |

T T Ty

. rll rlZ r13
withvg=1-co (0){ }

I, I, I,

a1 'z s

M+, +r =1

6 = Ar cos( )

1

AK = -
2.sin@

rBZ r23
3 =Ty |, singularity for sind =0

T~

Euler Parameters

£, :WXAsing
2
&, :Wy.sing 0
£, :Wz.sing
2
. 4
£, :cosz

Normality Condition
‘W‘:l, g redtelvel=1

& : point on a unit hypershpere
in four-dimensional space

Inverse Problem Given ;R find ¢

2 2
i T N 1-26,-2e5 28, 648,) 26,85+ £58,)
— 2 2
T T |=|2068, +658,) 1-260-2¢; 2e,6,-¢,8,)
2 2
fa T Ty e85 —6,8,) 2eyE5+618,) 1-26] - 26

2 2 2
M+, +0=3-4(s] +&, +¢3)
(1-¢d)

1
&4 = 51/1+ M+, + 0

_ I3 =l £ = M =0 £. = =Ty
P 4e, TP 4
4 4

Lemma For all rotations one of the
Euler Parameters is greater than
or equal to 1/2

s
(X el=1)
1
Algorithm Solve with respectto m iax{g i}
. & =max{e}

1
51:5 My =Ty — Ty +1

PR G 70 B Pl ) B (e )
‘ 4e, 4, ¢ 4e,

. &= mlax{gl}

1

&y :E My —Tp =T+l

. &= mlax{gi}
1
&, = EJ—rﬂ + 0, —lp+1

ooy =maxfz,]
1

&, ZE —Iy =y +r+1

. &= mlax{gi}

I+, +

E4 =

N

10



Euler Parameters / Euler Angles

glzsinécosa_y
2

gZ:Sin'Bsina_y
2

_a+

gazcosﬁsma r

2 2

B aty
2

£, = 0087 C0S

. Z
Quiz "t Y.
Z

60°

YA Direction Cosines

0 r
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