Movie Segment

Instantaneous
Kinematics

Jacobian

leferentlal Motion Z

{0}
Forward Kinematics
0 — X
Instantaneous Kinematics
O+00 — X+0X

Relationship:

; 1. Linear Velocity
“Angular Velocity

Joint Coordinates

_ [ 6 revolute
coordinate —i: . .
ld‘ prismatic
Joint coordinate-i:
0 revolute
with
1 prismatic
and =1-g

Joint Coordinate Vector: |( = (qlqz....qn)T




Jacobians: Direct Differentiation
Xy f,.(a)
x=f (q)’ X, _ fz (q)

Xn ) \fn(@)

Jacobian

5X(m><1) = ‘](mxn) (q) 5 q(nxl)
X(mxl) = ‘](mxn) (q) q(nxl)
0
‘]ij (q) =~ fi (q)

aq;

4 & a A
Ky =—= & +-+—=A, e . I
dh ﬁln d’h d’]n
&= 1 1
a a, Fn . Gn .
o = g, 0T gy S a, o,
5X(m><1) = J(mxn) (a) 5Q(nx1)
Example

(X:Y) X = I1C1 + |2C12
y=1ls +1,5,

oy = (I1C1 + |2C12 )501 + |2C12§62
X = X _|Y —l,s,, ] 66,
2 x e, 00,

2 2

k=300 |3 8
2, o,

X

20, o, {—y 18,

X =—(l;s; +1,8,,)06, —1,5,,60,

L,

|

P loy, &, d 6
10 o o e
2 | -90 0 d, 0,
300 0 d& 0
4 0 0 0 0,
5/ 9 0o 0o @
6190 0o 0o @

C,S,d S,d
S,8,d, +C,d
c,d
%o Ci[C,(CiCsCq — S,4S5) — 5,8:C¢] - 8,(8,CsCq + C,S5)
n 8,[C,(C.CiC; = 8,8,) = $,8,C, ]+ C1(8,CsC; +C,S;)
=8,(C4C.C; - 8.8¢) - C,8,C
X=| 6 |= |clc.c,c.s, +5,.C,)+5,55] S(-5,C.8, +C,C.)
r 8,[-C, (C.CyS, + S,Cy) + $,555,1+ C, (=S,C,S + C,Cy)
3 S,(C.CsS; +S,Cq) + C, S, S,
C,(C,C,S; +5,C5) - 8,8,8,
5,(C,C,S; +5,C,) + C,S,Sq
-5,C,S. + C,C




Stanford Scheinman Arm

Position c,s,d, —s,d,
X, =|8,8,d; +¢,d,

¢4, d,

. 4,

X .

X =|y|= Y

e d,

z .

s

ds

Xoay = ‘]xp (36) (@ exy

Linear Velocity V

Orientation: Direction Cosines r (a)
) ) Xg =1 (q)
Xg = Jy, ()4 r,(q)

Ci[C,(CiCsCq —5,486) — 5,8:C] - 8,(S,CsCq + C,S5)
S.[C.(C4CsCq —8,S¢) — S:8,C¢ ]+ Cy(S,CsCq + C,S5)
=8,(C4CsC; - 8,5¢) ~ C;S,C
C,[-C,(C,CsS; +8,Cy) +5,5,5,] - S,(~5,C;S; + C,Cy)
XR = |S.[-C,(C.iCyS, +5.Cq) + 5,8,5, 1+ C,(~8,C,S; + C,Cy)
S,(C,CsS +85,Cy) + C, 555,
C1(C,C,Ss +5,C5) - 8,8,85
8,(C,C,Ss +5,C;) + C.8,Sq
-8,C,S; +C,C;

LAY
rl ah a% 91
a, a, 4,
XR: r2 = E E .
- 1 6 ‘
dql dJG (9x6)

A A .
rl O’th 0’% 91
, a, a, g,
Xg =11 =|— —_— .
; Ay ol |
Jow N a & (g
éql 6/ (9x6)
Representations
*Cartesian
*Spherical
«Cylindrical
X . X P L.
X R *Euler Angles

Direction Cosines
*Euler Parameters

Jacobian for X

Xp = ‘]xp (a)d (XPJ _ [‘]Xp (q)Jq
X = Jx, (@)G X I, (@)

Cartesian & Direction Cosines

X(12x1) = ‘]x (q)(12x6)q(6x1)

The Jacobian is dependent on the representation

Basic Jacobian

linear velocity

© %&
o angular velocity

Vv
= ‘]0 (q)(Gxn) c‘l(nxl)
(o),

Xp = Ep(Xp)V
Xg = Eq(Xg)@




Examples

sa.cf ca.cf

a} sp sp
* Xg=|FEx(Xg)=| ca sa 0

Sa Ca
y == =

s Sp

X 1 00
* Xp: y ;EP(XP): 010
z 0 01

Jacobian for X

o
Given a representation X =
Xg
x=J.(a)d
3, (@) = E(X) Jo(a)

V o
Basic Jacobian (Wj =J.(@) 9

Jacobian and Basic Jacobian
() v

v 3.
o))
v=1J,4
{a):‘]w.q
Xp = Ep.v=Xp = (Ep.J,)4
Xp = Eg.0 = Xz =(Eg.J,)d

J, =E..J,
‘JXR =Eg.J,

()
~~
o)
~

Il

E(X) ()

\'
[ j = Jo(a) g
W

Cartesian Coordinates

E.=1,; J,=J,; E—IO
P13 Yxp =Yy —0 ER

Position Representations

(x,y,2)
E-(X)=1,

(p,0,7)
Using (X y 2)" =(pcos@ psind z)’

cosé sin@ 0

Eo(X)=|—sin 9/ 0
»(X) sm%)cos%J
0 0 1

(p.6,9)
Using
(x y 2)" =(pcos@sing psindsing pcosd)’

cosdsing sin@sin g cos¢

E,(X)= _Sin%psingﬁ) Cos%psiwﬁ)
C0S 6 Ccos ¢ singcos¢ _sing
iz % Y




Euler Angles
_sacpf cacp

a sp sp
Xg =| B | Er(Xg) = o sa 0

14 Sa ca

sp sp

o

B =Kkx

Jacobian for X

o
Given a representation X =
Xg
x=J.(a)d
3, (@) = E(X) Jo(a)

V o
Basic Jacobian (Wj =J.(@) 9

Jacobian
{0} , ~ linear velocity
)W %angular velocity

v
= J (q)(exn) Q(nxl)
(a)j(le)

Linear & Angular Velocities

{0} y ~ linear velocity
)W M@angular velocity

Linear Velocity -

\'
" ~n

(Henn)
{c}

Pure Translation

{A} + Veia
{B} Var §/




Pure Translation
{A}

{B} Var B\

Veis = Vas TVpia

VP/B

"7 Veia

Rotational Motion

Axis of rotation
fixed points on the rigid body

Rotational Motion

Q) Angular Velocity

Rotational Motion

Q) Angular Velocity

Rotational Motion

Q Angular Velocity

Rotational Motion

Q Angular Velocity




Rotational Motion

Q2 Angular Velocity

Rotational Motion

Q Angular Velocity

Vp is proportional to:
“ (1
* [IPsing]|

and
vy | Q
*Vp_LP

Cross Product Operator

c=axb=-c=4ab

vectors —» matrices

ax = a :a skew-symmetric matrix

0 -a a (b
c=db=a, 0 -a|b| |c=ab
_ay a, 0 bz

Cross Product Operator
Ve =QxP=v, - QP

Qx = () : a skew-symmetric matrix

QX PX
Q=|Q,[P=|P,
QZ PZ

o -, 9 [P
v =OP=lQ, 0 -Q|P v, = QP

Simultaneous linear and angular motion
Qp Ve

@)\ P

‘VP/A =Vg/a + Vpp + QX PB‘

® ) B ®, B
Vea= VB/A+B®R' Vegt QBXB®R' Py

Movie Segment

Beach Volleyball, Toshiba,
ICRA 1999 video proceedings




Spatial Mechanisms

{2}
{1}

{0}

Propagation of velocities

.~V : linear velocity
X .
o : angular velocity

x =J(0).0

Velocity propagation
{iy %

Velocity propagation
Joint 1
v, and @, in frame {1}
Joint i+1
o, ="R o +0,,Z,,
", ="R(V+H 0 x'P) +d 2

= "w, and "v,

Pl e

o, 0 °R/\"o,

Linear Vi =Vito, xB,+ di+1' Zi,

0., =0;+Q,
Angular i+l ' i i+l

Qi+1 = 0i+1' Zi+1

Example
Vi =V +@; x B,
. Vp 0 Owl =0, OZ1
! /

0 -6, 0]l.c l,.s,
o =046, 0 Of|l.s |=]|l.c, |0,
0 0 0|l o0 0

Vo ="Vp + @, %P,
1.5, ] 0 -1 0
Vo, =| L.c, |6, +[1 0 0].(0,+6,).°P,
L o] oo o e,
—l,.s, . —l,.s, . ' {lz.su]
=| l,.c, |6,+]| l,.c,, |.(6,+86,) 0
| 0 | | 0

‘w,=(0,+6,+0,).°Z,




The Jacobian ExpLICIT FORM)

_(I151 + Izslz) _|2512 0 91
o =1 le,+lc, e, 0|6,
0 0 0f|6,
0 0 0]|6, Jy
‘w,=|0 0 0}|86,
11 1/|6,
0
J w v -
=J|0,
@ .
03
The Jacobian (ExpLICIT FORM)
Qif
ey Q,
,4 v
ffector Prismatic Revolute o v
77/ Linear Vel: \
Angular Vel: none Q;
Effector Linear Velocity
V:Z[ei\/i"'éi (€ xR,)] Vi =2,
-1
Effector Angnular‘ Velocity
o= ZE Q Q=7
i=1
v=[g Z,+& (Z,xB)l¢, +--
+[en—1 Zn—1+ én—l (Zn—l X P(n—l)n)]qn—1+ en ann q1
4,

V:[el Z+& (Z,xR,) € 2,+5,(Z,xR,) ]

v=J,.(

0= Zloa+é2 ZzQz +ot €, ann G

w=[e 2, &1z, € Z,] qf

a,

Qi‘i)
Ay
é <\
AATTTTTTN
Revolute Joint €2, = Z,(;
Prismatic Joint Vi = Zi qi
The Jacobian ExpLICIT FORM)
Qii)
A TR,
,4 v
ffector Prismatic Revolute O v
TTTTTTT Linear Vel: \
Angular Vel: rone Q;
Effector Linear Velocity
V:Z[ei Zi+& (Z;xP)lq Vi=2¢
i=1
Effector Angular Velocity
a):Z(EiZi)qi Q=7
i=1
The Jacobian J
J=| v
JW
Matrix Jv (direct differentiation)
X X X
V= y =X zip.q +7P.q' RS P'qn
) T A @t A,

; :(ﬁxp X é’x)
oy g, aq,




Jacobian in a Frame

Vector Representation

Ko Ko Hp.
J: 7@1 M2 7d]n
.4 &§.7, &-Z,
In {0}
Ax, X, X,
el A, A, A,
€4, §.°4 & Z

J in Frame {0}
07 =°R
R

o3| 2 %)
<.(R2)

0
'Z; '2,=2=|0

1
doxy . 2
Ez( XP) O’Qn
5.(RZ) - &

("Xp)

°R.Z)

NP

o

PDOD OB D¢

o

Z i\ Z 0 Z,
ilo, a, d 0.
1l o 0o 0 o
2/ -0 0 d, 6,
3/ 9 0 d; O
41 o 0 0 o
5/ 90 0o 0 6
6 9 0 0 6
co, -s6, 0 a,
i-1_|_= s0.ca, o, ca, sa, -sa.d
1 sO,sa O, sa, co, ca, , d,
0 0 0 1
Forward Kinematics: ;JT = 7 T .M
1 2 N
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¢, -s, 00
o7 s, ¢, 00
0 0 10
0 0 01
c, -s, 0 0
0 0 1d
- :
-s, ¢, 0 O
0 0 01
10 0 0
00 -1
- :
01 0 0
00 0 1
¢, -5, [(0]0
o7 _ s, ¢ |0fO
0 0 (1]0
0 0 1
cCc, -GS, |-s,| —s,d,
07 _ s.C, —S5, | ¢ | cd,
2 -s, —¢c, |0 0
0 0 0 1
s

GG, =5 [GS,

2T _ $:C, G |58,
-s, 0 |gc

0 0 0

Cldasz 751d2
s,d,s, +c¢,d,
d3C2

o7

X X
X X
Ix x
00

COOS-SS8HGsS oS -sd] g
S6GS 6884936 Sds+ed T

SLEHEG e,
0 1
C,S,d, -S,d
$,8,d, + C,d
C,d
% Ci[C;(C,CsC; = S,85) = 5,8:C4]1 - 5,(S,CsCs + C, ;)
n Si[C,(C4CsCq = 8,S¢) = 8,8:C4 ]+ C,(S,CsCs + C, ;)
=5,(C,CsCq - 8,85) - C,8:C¢
X=| I, |= |c[-C,(C,CiS, +5,Cq)+8,8,8,1-S,(~S,C.S, + C,Cy)
r 8,[-C,(C,CyS, + S,Cq) + $,855, 1+ C, (~S,C4S, + C,Cy)
3 $,(C,C.S, +5,C;) + C,8.8
C,(C,C,S, +5,C5) - 5,5,
8,(C,C,S; +8,C,) + C,8, S,
-8,C,S; + C,C;

c, -s, 00
a s, ¢ 00
¢ 0 0 10
0 0 01
c, -s; 00
. 0 0 10
T=
5
-s. ¢, 0 0
0 0 01
cgc —S¢ 0 O
c 0 0 -10
ol =
Ss C, 0 O
0 O 1
GG, =88, —CGS, —SC, [ CS, | oS, 8 d,
op _| SCL+CSs S8 +OG, | S8, | 8058, +Gd,
T =
=56 5,5 G dacz
0 0 0 1
X X [-cc,s, —5s,¢,] c,d,s, —s,d,
o1 _ X X |-s,C,8, +C,C,| S,d,5, +c,d,
T =
X X S,S, dsc,
0 O 0 1
X X [C[,C,S; —S,5,5; +C;5,5:] ¢C,d,s, —s,d,
o1 _ X X |[8,€,C,Ss +C;S,Ss +5,5,C-| s,d,8, +c,d,
¢ X X —$,C,4S; +CsC, d.c,
0 0 0 1
0 0 0
OXp O Xp O Xp 0 0 o0
07 _
J=| Jq, Jg, 2,
0 0 0 0 0
z °z, o0 °z, z, °z,
[—c,d, -s;s,d, cc,dy ¢cs, O 0 0
-s,d, +¢,8,d, sc,d; s, 0 0 0
0 -s,d, ¢, 0 0 0
0 -s, 0 «¢s, —CcC,S,—5S,.C, C,C,C,S5—5,S,S;+C;S,Cq
0 C, 0 s, -5,C,S,+C,C, 8,C,C,S +C;S,Sg +85,5,C
1 0 0 ¢ S,S, —$,C,S; +CyC,
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Kinematic Singularity

singular direction
J=(3,3,--3,)
det(J)=0

det('J)=det('J)

Kinematic Singularity

BJ: ,ER O AJ
0 PR

det[®J] = det[*J]

det('J)=det(’J)

Singular Configurations

det[J(q)]=0
—> Singular Configurations
det[J (a)]=S,(a)S,(0)...5,(q) =0

Sl(q) =0

I:> $,(q)=0

S.(@)=0

Example (Kinematic Singularities)
(xy)
x=1,C1+1,C12
bofe, .

y=1,51+1,512

N

e ((|131+|2312) |2312J
I,C1+1,C12  1,C12

det(3)=1,1,52

q, =km

Example (Kinematic Singularities)

(x.y) 17 _1p 0
e J=R°J

l,/0., .
o 2>‘2;J_c1 _s1)( 1,82 1,82
v | “lst oc1 {1 +1,c2 1,2
N
0 0
lJ:
L+1, 1,
' =0

Yoy = (I, +1,)60, + 1,60,

0,

12



Kinematic Singularities (reduced matrix)

(xy) —(1,81+1,812) 1,812
| ICL+1,C12  1,C12
2[0, - _
> J= 0 0

, o 0 0
{140, 1 1
~(1,51+1,512) —|2312J

= J=
det(J)=1,l,52 [|1c1+|2c12 1,C12

AYq
|
' Aqg,
0.
_AXy ’
Ay
_(i+lo) Axy
Iz Ay(l)
0,
_ Ay f
I,
E
I3
|
b
O _ -
_Ilsl - Izslz - |35123 _|2512 - |35123 _|35123
Ilcl + IZCIZ + |3C123 IZC].Z + |3C123 I3C123
. 0 0 0
J =
E 0 0 0
0 0 0
i 1 1 1|

q, =kz
_Ilsl - Izslz - |35123 _Izslz - |33123 _|35123
|1C1 + |2C12 + I3C123 |2C12 + |30123 |3C123
. 0 0 0
Je =
0 0 0
0 0 0
1 1 1]

_Ilsl - IZS].Z - I35123 _Izslz - I33123 _I35123
O‘JE = |1C1 + |2C12 + |3C123 |2C12 + |30123 |3C123
1 1 1

Movie Segment

Automatic Parallel Parking, INRIA,

ICRA 1999 video proceedings
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% % %
0 J = ﬁql @qz ﬁq?’
Ozl OZ2 O 024

_7C1dz -s55,d; cc,d; ¢S, 0 0
-s,d, +¢;5,d, scc,d; ss, 0 0
0 —-5,d; ¢, 0 0
0 ! 0 ¢S, —CC,S,—5,C,
0 c, 0 §5S, -SC,8,+CC,
1 0 0 c, $,8,

0 0
OZS OZ6
0
0
0

C,C,CySs — S,5,S5 +C;S,Cq
$,C,C,S5 +C;S,S5 +5,5,Cq
—S,C,S5 +CsC,

ilo, a,  d 6
1} 0 0 0 o,
2| %0 0 d, 6,
3 90 0 d3 0
4 0 0 0 94
5! .90 0 0 6,
6 90 0 0 96
Cel -sel 0 a,
.-1T= s@,ca ¢, ca, -sa s, d,
1 s6,sa, | cH,sa. ca, , ca,, d,
0 0 0 1
Forward Kinematics: ST - ‘I)T 1-|- -:T
6, =kx
[cd,-ssd;, ced; 6s, O 0 0]
—5d,+cs,d; scd; ss, 0 0 0
1= 0 =sd, ¢ 0 0 0
0 -5 0 CS, GGS,~SC GS
0 G 0 s -sCS+CC SS
L 1 0 0 (‘,2 3234 CZ

Jacobian at the End-Effector
,

©
(Dn Pme
|,

14



Ve =Vn Pne X,
W, =0,

Ve _ I_ane Vn
o, Oi 1 ,

Cross Product Operator (in diff. frames)

°P.ow="R.("P."0)="R.("P.°R".° w)

A

OP _ oR nPA ORT

Wrist Point
x =l +1,c,

y= Ilsl + Izslz

End-Effector Point
x=1,c; +1,¢, +15Cp5,

y =18, + 1,5, + 135,

i
0 Opnp 0pT
OJ nR _nR I:)nenR n.J
e O OR n
n
yE Wrist Point

x =1lc, +1,c,
W y=1Ls, +1,s;,

End-Effector Point
x=lc, +1,¢, +15C,5

Jacobian (W) y =1, + 1,5, + 155,54

7'151 - IZSIZ 7'2512 0
I1C1 + |2c12 |2C12 0

— 0 0 0 0 I PWE 0
0 0 0
1 1 1

Ju

’Ilsl - Izs1z
he, +1,¢,,
0

0
0
1

’Izsu

1;C

0

0
0
1

Wrist Point
x =l +1,c,

y=Ls, +1,s,
End-Effector Point

x=lc, +1,¢,, +15C,5

y= I131 + Izslz + |35123

’|1S1 - IZSIZ - |35123 ’Izslz - |35123 ’Iaslzz
G+ 1,0, +15Cs  15Cp +15C55 153Gy
0 0 0
- 0 0 0
0 0 0
1 1 1

15



Wrist Point
x =lc, +1,c,

y=1Is, +1;s,

End-Effector Point
X=1Lc, +1,¢, +1,Cpp0

y= |151 + IZSIZ + I35123

7'151 - Izslz 7'2512 O
Ilcl + |2C12 IZCIZ 0
A
el O 00 o, :((l) TWEJOJW

0 0 0
1 1 1

15C1zs . 0 0 158125

Pye = |:|35123 ‘|:>OPWE = 0 0 —lCp

0 _|35123 Isclzs 0

Resolved Motion Rate Control (Whitney 72)

X = J(0)56
Outside singularities
50 = I7(0)x
Arm at Configuration €
x = f(6)
X=Xy —X
66 = J7'ox
0" =0+060

Resolved Motion Rate Control

Forward
Kinematics

Jacobian

- Differential Motion

* Linear & Angular Motion
* Velocity Propagation

» Explicit Form

- Static Forces <:I

Angular/Linear — Velocities/Forces

Angular/Linear — Velocities/Forces

, . r=pxF
V=a)><p T:ﬁF
Vv=—Ppw r=(-p)' F

_ . F,
e )
v=J06 r=J"F

16



Velocity/Force Duality

x=J6
r=J'F

Propagation

Elimination of
Internal forces

Energy Analysis
Virtual Work
Static Equilibrium

“Niyq

\
[ i

Niyq

Static Equilibrium

2 forces =0

2~ moments / a point =0

About origin {i}
fi+(-f,.)=0
N+ (-Niy) + Py x(=,,)=0
fi = fi+l

n=n,+P,, xf

i+1 i+1 i+1

17



Prismatic Joint Revolute Joint

r,=f"Z . =n"Z

Algorithm ~ "f,="f
"n,="n+"P,,, x"f
=R
n,=.,R"n,+'P,, xf,

f Intemal | OW = Z fi 5Xi
F = forces are 7
n workless applied”  virttal
forces displacements
. Static Equilibrium:
! If the virtual work done by applied
= forces is zero in displacements

n f Virtual Work Principal

consistent with constraints
7'5q+ (-F) ox=0
7'6q=F"ox using ox=Jdq

— TTIFTJ —> T:JTF

Velocity/Force Duality

x=1J0
r=J'F

[(|151+|2512) |101+|2012][ o} {Ilclnzmz} [3,2
T= =— =_

Example (Static Forces)

- -(1,81+1,812) 1,812
I,C1+1,C12  1,C12

1,512 ,C12

r=J'F

1,512 I,c12  Jl-1]  |1,C12 1/2

o} .-
> JT:[-(|131+|2512) |101+|2012J
N

)

Example (Static Forces)

(x.y)

o, 2
Y 1000N T
i =IF

[(|151+|2512) I101+I2012]{0 } {Ilcmzmz

1,512 I,c12 )| -1K ] |I,C12

}(—1K)
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