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Dynamics

• Newton-Euler Formulation
• Articulated Multi-Body Dynamics

• Rigid Body Dynamics

• Explicit Form

• Recursive Algorithm
• Lagrange Formulation
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Newton’s Law
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Translational Motion

Cm F=v
Rotational Motion

C CI I Nω ω ω+ × =

m FC.v =
m

CI

Angular Acceleration

ωι

{i}

ωι+1

ω ωi i i+ += +1 1Ω

Ω i i iZ+ + +=1 1 1θ

ω ω θ ω θi i i i i i iZ Z+ + + + += + × +1 1 1 1 1b g



5

Linear Acceleration
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Lagrange Equations
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∂ ∂
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∂∂
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∂ ∂
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∂
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Equations of Motion

i ivC Jv q=

1
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∂ ∂ ∂

=

vciωi

Pci

Link i

Explicit Form

i ivC Jv q=

iiC J qωω =

[ ]1 1 2 2 0 0 0
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⎡ ⎤+ − + −⎢ ⎥ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥
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Christoffel Symbols
b m m mijk ijk ikj jki= + −

1
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∂
∂
m
q
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V
b b
b b

q
q

b
b

q q=
L
NM

O
QP
L
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O
QP
+
L
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O
QP

111 122

211 222

1
2

2
2

112

212
1 2

2
2

C ( )q B ( )q

B

b b b
b b b

b b b

q q
q q

q q
n n n n n

n n

n n

n n n n n n n

( ) [ ]
( ( ) ) ( ( ) )

, , ,(

, , ,(

, , ,( (

q qq
×

− −
×

=

L

N

MMMM

O

Q

PPPP

L

N

MMMM

O

Q

PPPP

−

−

− −

1
2

1
2

1

2 2 2
2 2 2

2 2 2

1 12 1 13 1 1)

2 12 2 13 2 1)

12 13 1)

1 2

1 3

1)

C

b b b
b b b

b b b

q
q

q
n n n

nn

nn

n n n nn n

( )[ ]
( ) ( )

, , ,

, , ,

, , ,

q q
× ×

=

L

N

MMMM

O

Q

PPPP

L

N

MMMM

O

Q

PPPP
2

1 11 1 22 1

2 11 2 22 2

11 22

1
2

2
2

2
1

Potential Energy

hi
pCi

Link i
Ci

mi

g

U m g h Ui i i= +0 0

U m gi i
T

Ci
= −( );p U Ui

i

= ∑
G U

q
m g

qj
j

i
T C

ji

n
i= = −

=
∑∂

∂
∂
∂

( )
p

1

Gravity Vector

G J J J

m g
m g

m g

v
T

v
T

v
T

n

n
= −

F

H

GGGG

I

K

JJJJ
1 2

1

2d i

Gravity Vector

G J m g J m g J m gv
T

v
T

v
T

nn
= − + + +( ( ) ( ) ( ))

1 21 2

m2g

c2

m1g

c1
mng

cnm3g

c3
g

θ1

l1
y0

1CI

2CI

m1

m2

d2

x0

1 1 1 1 1 2 2 2 2 21 2
T T T T
v v C v v CM m J J J I J m J J J I Jω ω ω ω= + + +

Matrix M

Jv1
Jv2

and : direct differentiation of the vectors:

0
1 1

1 1
0

2 1

2 11 2

0 0
p pC C

l c
l s

d c
d s=

L

N
MMM

O

Q
PPP

=
L

N
MMM

O

Q
PPP

;  and 

In frame {0}, these matrices are:

1 2

1 1 2 1 1
0 0

1 1 2 1 1

0
0 ; and 

0 0 0 0
v v

l s d s c
J lc J d c s

− −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

This yields

m J J
m l

m J J
m d

mv
T

v v
T

v1
0 0 1 1

2

2
0 0 2 2

2

2
1 1 2 2

0
0 0

0
0

( ) ( )=
L
NM

O
QP

=
L
NM

O
QP

;  and 

g

θ1

l1
y0

1CI

2CI

m1

m2

d2

x0

The matrices        and are given byJω1
Jω 2

J Jω ω1 21 1 1 1 2 20= ∈ = = ∈ ∈z z z and 
Joint 1 is revolute and joint 2 is prismatic:  

1 2

1 1

0 0
0 0
1 0

J Jω ω

⎡ ⎤
⎢ ⎥= = ⎢ ⎥
⎢ ⎥⎣ ⎦And

1 1 1 2 2 2

1 21 1 1 1 1 10 0
( ) ;  and ( )

0 0 0 0
zz zzT T

C C

I I
J I J J I Jω ω ω ω

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

Finally,
M

m l I m d I
m

zz zz=
+ + +L

NM
O
QP

1 1
2

1 2 2
2

2

2

0
0

g

θ1

l1
y0

1CI

2CI

m1

m2

d2

x0
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Centrifugal and Coriolis Vector V

b m m mi jk ijk ikj jki, = + −
1
2
c h

where m
m
qijk

ij

k

=
∂
∂

; with b b i jiii iji= = >0 0 and  for 

For this manipulator, only m11 is configuration dependent
- function of d2.  This implies that only m112 is non-zero,

m m d112 2 22= .
Matrix B

Matrix C

Matrix V

B
b m d

= LNM
O
QP =
L
NM
O
QP

2
0

2
0

112 2 2 .

C
b

b m d
=
L
NM

O
QP = −
L
NM

O
QP

0
0

0 0
0

122

211 2 2
.

V
m d

d
m d d

=
L
NM
O
QP +

−
L
NM

O
QP
L
NM
O
QP

2
0

0 0
0

2 2
1 2

2 2

1
2

2
2 .θ

θ

g

θ1

l1
y0

1CI

2CI

m1

m2

d2

x0

Vector V

V
m d

d
m d d

=
L
NM
O
QP +

−
L
NM

O
QP
L
NM
O
QP

2
0

0 0
0

2 2
1 2

2 2

1
2

2
2 .θ

θ

The Gravity Vector G

G g g= − +J m J mv
T

v
T

1 21 2 .

In frame {0}, and the gravity vector is
0 0 0g = −g Ta f

0 1 1 1 1
1

2 1 2 1

1 1
2

0
0 0 0

0

0

0
0

0

0
G = −

−L
NM

O
QP −
L

N
MMM

O

Q
PPP
−

−L
NM

O
QP −
L

N
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Equations of Motion
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