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Joint Space Control

a1l

2. Control—{ Joimt n} %

Resolved Motion Rate Control

. Goriol— (o}

Forward
Kinematics

Resolved Motion Rate Control (Whitney 72)
X = J(0)50
Outside singularities
560 = J(0)Sx
Arm at Configuration €
x = f(0)
X=Xy —X
66 =376
0" =0+060

Natural Systems

. , k
Conservative Systems Pﬂ

—X

SR, AN 1

K ==—mx
2

Natural Systems

Conservative Forces /. mmm
d oK, K

a'o x

mx = F = —kx
_i(lk)(?)
Potential Energy of a spring X 2

V =Work = If(—kx)5x=%kx2

— X

Natural Systems

Conservative Forces }4 VS

4K K_ N
dt ' ox° ox X

Potential Energy of a spring

V =Work = [ (-k)5x :%kxz

m¥X = F = —kx
_i(ikxz)
ox 2




Natural Systems

: k
Conservative Systems . umm

— X

(0“(K V)) 5(K V) o 1,

a° K =—mx
V= Ik
mxX+kx =0 -5

Natural Systems

V = =kx?
: 2,
Conservative Systems /'

mx+ kx =0 S
Frequency increases

with stiffness
and inverse mass

[k
Natural Frequency @, = ,|—
m

X+wix=0 ‘ t
X(t) =c cos(w, t+¢)

Natural Systems

) k
Dissipative Systems gi—wwwjﬂt.;n
d (a(K V)) AK-Y) _
dt é,x Of,x friction
Viscous friction: f " :—bX

friction

mX +bx+kx=0

Dissipative Systems
, k
e e MK+ DX+ kX = 0

>‘<‘+£>‘(+£x=0

m m
1 x ‘/ X /X
~ “ Higher b/m |
\“t | t ] ‘t
Oscillatory Criticall Over
damped damped b damped

—=2w,

24 order systems
mX+bx+kx =0

x+£x+£x_0

m\2
n

" Natural damping ratio
Criticall
Gy PR
e " 20.m  24km

Critically damped system: &, =1 (b =2vkm)

Time Response
X+2& 0 X+wx=0

Natural k ) o b Naturgl
frequency “n T é:n - T ?;ﬁpmg
X(t) =ce” f"“”cos(a) J1- § t+ )

x(®)| a)

/\ N ™\ damped
[ T Natural

ot / frequency
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Example

B m=2.0
mX +bx+kx=0 Db=48
k=8.0

what is the “damped Natural frequency”
_ 2
w=w, 1- gn

k b
_ |8 5. = =0.6
“n = m 2: & 2/km
w=2+1-0.36=16

Video Segment

1-dof Robot Control

[ m  F—f mx = f
L Xo Xd
V(%)

Potential Field
V(x)>0,x # X4
V(x)=0,x =X,

1 N
V(x) = Ekp(x— X,)° f=-VV(x)= =

Xo X4

mxz—g[%kp(x—xd)zl ; mX+k,(x=x%,)=0

Position gain

Passive Systems (Stability)
1 T
Vgoal =Ekp(X—Xg) (X_Xg)
d(aKj_ K _
dt\ ox OX
Ufo Do
oX

d(@Kj_a(K_Vgom) 0 Conservative Forces
dt\ ox

x[erane]

Asymptotic Stability

d (aKj_a(K_Vgoal) -G
OX

dt\ ox

FS
F'%x <0 ; for x£0| _x /

F.=—kx — k,>0

S

F=-k, (x— Xgoal ) —k, X




Proportional-Derivative Control (PD)
mi =T =k, (X=x4) =KX
mX+k X+Kk (x—x,)=0
ERX I (X =%)
Velocity gain Position gain

K,

K
L X+~ x+—L(x=x,)=0
+m+m( Xy)
LX+4ﬁu+bﬂg—&)=o

- k
K, closed loop o= \/T) closed loop
2,/k,m " damping ratio m frequency

£ _
¢ =

Gains
2
kp =Mw
k, = m(2&éw)

Gain Selection

(5] k, = ma?
set -
0] k, =m(2¢w)

Unit mass system m - mass system
P .2 - '
kp =W kp =m kp

Control Partitioning
mi=Ff —=>m(@xX)=m f’
f=—kXx—k, (x=x,)
f =mkx—k; (x=x,)]=m ¥’

f!

mX=mf’

1.X = f’ unit mass system
LX+kGx+k (x—x%;)=0
/ /
2l ®°

Non Linearities
mxX+b(x,x)=f
Control Partitioning
f=af'+p
with @ =M
B =Db(x,X)
mX + b(x, X) = mf "+ b(x, X)
— LX=f'

I f o ,
fﬁ*@ - System ‘ (x.%)

B(X.X) <

I
Unit mass system |

Motion Control

m>'<'+b(x,>'<):ff = %X: f’
=mf'+

Goal Position (xg):
Control:  f"=-kKX—kj(x=x,)
Closed-loop System: LX+k;X+ki(x=X%,)=0
Trajectory Tracking
Xq(t); X4 (t); and X, (t)
Control: =X, —kj(x—X,)—kj(x—X,)
Closed-lookaystem: )
X=X )+k/(x—%x)+k!'(x—x,)=0
Wi(thezi)—x(jV( d) p( d)
§+kig+kie=0

Disturbance Rejection

mxX +b(x,x) = f
d

Xd + 7 ‘ f’ f X
g R} foment— §
.

X%@ -

€+kie+ke=0




Disturbance Rejection
mxX+Db(x,x)=f

‘ fdist
d 4+ 7 ‘ ' . f:' X
—Q- ® ®+"®4'( System X
‘% : __> b(x, X)=]]

mX +b(x, X) = f + f,
Control f =mf’+Db(x,X) bounded

{Vt‘ fdist‘ <a}

Closed loop

. . f:
€+ke+kje=—"t
m

Steady-State Error

N . fy
€+kg+kle=—"
m

The steady-state (é =€6= 0) :

k/ — fdist
p
m
e = fdist — fdist
mk’ K
p p \ Closed loop

position
gain

Steady-State Error - Example
e

o mX+k Xk (x—X4) =0

}4 ., ,«8 - fdist
i - kp(X_Xd): faist

X=X+ fdist
— Md
kP
foist = kpr]c e
AX = dist
kp <« Closed Loop
Stiffness

PID (adding Integral action)

System mx +Db(x,x) = f + fyg

Control  f =mf’+b(x,X)

fr==x, —kv'(x—xd)—k;(x—xd)—k;j(x—xd)dt

Closed-loop System
g+kie+kpe+k/[edt =

m N

§+kig+kie+ke=0 /7

Steady-state Error

f

dist

Gear Reduction _ R
Gear ratio 7= "

—— 8 Link
Ve Nom o . 1..
(Motorl,[ =/~ (1) 4 b, = ()0,
o NP4 7T\ L/ 0 n
[lrR o) T, =nt,
\\V,/ N\ L L 7

r,=1.0, +3(|L9L)+bm{9m +3bLé0L
n .

L*?] m
rn =l +15)5, + (b, + 20,
n n

ro=(l, +’72|m)éL +(b, +’72bm)9L

Effective Inertia Effective Damping

Effective Inertia
2
le =1, +71°1,

for a manipulator n=1
|L = |L(q) Direct Drive
Gain Selection
2
k,=(I_+771)k]
2
ko= +771,)k

Time Optimal Selection

IAL = %(\l Ime + ||_max )2




Video Segment

Manipulator Control
L M(0)+V(0,0)+G(9) =
I, m,
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PD Control Stability

M(@3+B(o)ad] +C(CI)[EZ]+G(6’)=T

Y o
ﬂ r=-k,(q—-0,) kg
_ N N Vd:l/ka(q—qd)ﬂ
d K, dK oV, _oV

— —F—% —k.q
dt(é’q) 2q " 2q oq a

PD Control Stability

M(@d+B(@)[adl+C@)¢’]+G(@) =7
— ~ _/

@ T:_kp(q_qd)_kvq
R :i/ka(q—qd)T(q—qd)ﬂ
((jj_t(O;K' J_OK oM V)
q aq aq

r

S

r.=-k,§ with |z{q<0 for g=0;k, >0

Performance
High Gains — better disturbance rejection

Gains are limited by
structural flexibilities
time delays (actuator-sensing)
sampling rate
1)

o, < f «——— lowest structural flexibility
[0 27
w, < <—— largest delay
3 Tdelay
(0] .
w. < sampling—rate
" 5

Nonlinear Dynamic Decoupling
M(0)6+V(6,0)+G(0) =
r=M(0)z' +V(6,0) + G(0)

1.O=(M M)z + MI[(V =V)+(G - G)]

with perfect estimfues
1.0=1"+¢&(t)
7' input of the unit-mass systems
=0, -k/(0-0,) -k (0-0,)
Closed-loop
E+kE+kE=0+s()

qd
N

qd—'@f O (@6 Am| ¢
-_ e

B(a,0) + C(a.9) + 6()

b

gy

)
((v

€ ¢
Task Oriented Control




Joint Space Control

L

Joint Space Control

Operational Space Control

Unified Motion & Force Control

F=F

motion

+F

contact

Operational Space Dynamics

F = F[I\?IX,\,/\X,éxvv(XGoal )]

Task-Oriented Equations of Motion
n+13

{0

n+l




Equations of Motion
d (aLj oL
| = Z==F
dt\ ox ) ox

L(x,X) =K(x,X)=U(x)

R ™R N < x

Operational Space Dynamics
M, (X)X +V, (x,X) + G,(x) = F
X:

M, (x):
V, (X, X):

F:

Joint Space/Task Space
Relationships

Kinetic Energy
K. (x,%) = K,(q,9)
1. ; o1 .
—X M, (X)x==gq M
> (%) 5 ¢ (@)g

x=J(q)q

1,T T . 1.T .
~¢' ("M, J)G==4'M
;4 M I)G=24 Mg

Joint Space/Task Space
Relationships

M, (x) =37 (@) M (a) I "(a)

V, (x,%) =37 (9)V (a,6) ~ M, (a) h(q, 4)

G, (x) =37 (a)G(a)

h(g,d) = J(a)q

Example

q, = dz g

[d,cl
X =
| d,sl

OJ:

[—d,s1 cl
| d,cl sl

Wy
N

10



2
m' _ I331+I332+mlll
2 d 2
2

oM = cl —-sly(m, 0 )(cl sl
“{s1 @ )l0o m){-sl cl
m," =m, +m,

' 2 ’
ong | My+m,sl —-m,scl
MX - ’ ’ 2
-m,scl  m,+m,cl

' 2 '
N m, +m, sl -m,scl
-mjscl  m,+m,cl®

End-Effector Control

Passive Systems (Stability)
1 T
Vi =i () (103,

i(@(K —V)j_a(K—V) e

dtl  ox ox

U F:—i(v
oX

g(z_ﬂ‘a(K—VW‘) B

it x  [srabie]

V)

goal

Conservative Forces

Asymptotic Stability

g(a_K)_M_g

dt\ ox a

X ’
FS
F'x <0 ; for x=0[ _x /

F.=—kx — k, >0

A

F =—kp(x—xgoa,)+G

X Vv
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Example 2-d.o.f arm:
Non-Dynamic Control

M, (X)X +V, (x,X) + G (x) = F

F =k, (x=%,) -k }+G(x) |

1

%

(M c?124+m, )X +m§+V,; =k, (x=x, ) —kx

(mc?12+m,)y+m x+V,, =k, (y-y, )-ky

My, (Q)X+k, X+, (X=X, )

M, (@)5+k,y+k, (y-Y,)

Nonlinear Dynamic Decoupling

M (X)X +V, (x,%X) + G,(x) = F

F =M (XF +V,(x %)+, (x)

I X=F'

with 7=J"F

Perfect Estimates
I%=F'
F.

F =-k, )‘(—k'p(x—xg)
Closed Loop
| X+k,x+k,(x=x,)=0

Trajectory Tracking
Xgr Xy Xy

Fr=1 % —k, (x=%g) =k, (x=X)

(X=%g)+k, (x=%;)+k, (x=x,) =0

E kg ke =0

£, = X—X,

In joint space
&, +ké, +kyeg, =0

gq =q_qd

12



Task-Oriented Control

>-<-d
PR 3 B
el

T

L'

Compliance | $=F'
kp 0 0
Fr=—| 0 kp 0 [(x=x4)—k/X
0o 0
[setiozeno

X+ KX +k, (x=%,)=0
yrk,y+k,(y—y,)=0

C2+k2=0

—

— | Compliance along Z|

Stiffness
7+k2+K, (2-2,)=0
determines stiffness along z
Closed-Loop Stiffness: I\?IXk; =k
F=K.(x=x))

p

K, =J"(0)K, I(6)

r=J'"F=J"KAx=(J"K J)AO=K,AH

Force Control
1-d.o.f.

Force Sensing
f N fS fd
—  m ® K

By
®

mx +kx = f
i
At static Equilibrium
f=1,=f=f1,
Dynamics
mX +kx = f, + f

= —w— ;fszksx

Dynamic

mx = f
f — fy
—{  m =
I set f = fd
B Problem
friction \'\5007\:\, Coulomb friction
10(N'm) e
f, =1Nm
- [aupur=0]
/ — Break away
Dynamics -
mX +k,x = f F_&X
m, b
—ff = f.=kX
ks / Control
m .
fo o (G, (=) =K A,
Closed Loop °

km[f;+kv'f £k (F = )]+ =1,

S




Steady-State error
bk, (= )+ (1= 1) =0

S

Task Description

=

P

.. . fdist
f=f=0
mKp,
( +1)e; = fuq
ks
ef — fdis
Task Specification
F=/§2 I:motion + ﬁ Fforce S I oo

@)
Il
o o -

Unified Motion & Force Control

motion

QI=QF

14



